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Abstract
Fujita classified one-parameter degenerations of Del Pezzo manifolds with smooth total spaces, which
includes the complete classification of semi-stable degenerations of Del Pezzo surfaces. We prove the con-
verse, namely, for a given semi-stable Del Pezzo surface of each type in the list of Fujita, there exists a
smoothing of it with a smooth total space.
© 2006 Elsevier Inc. All rights reserved.
0. Introduction
Kulikov (in [Ku]) and Persson and Pinkham (in [PP]) completely classified the semi-stable
degenerations of K3 surfaces. Then Friedman (in [Fr]) proved conversely that every such semi-
stable K3 surface can be smoothed into a smooth K3 surface, under a flat deformation with a
smooth total space. Meanwhile, Fujita (in [Fu]) completely classified the semi-stable degenera-
tions of Del Pezzo surfaces. In this article we prove that every semi-stable Del Pezzo surface is
smoothed into a smooth Del Pezzo surface, under a flat deformation with a smooth total space.
Recall that a smooth K3 surface is, by definition, a simply connected smooth compact surface
having a trivial canonical bundle. A smooth Del Pezzo surface is, by definition, a smooth compact
surface having an ample anti-canonical bundle. As for the precise definition of semi-stable Del
Pezzo surfaces (i.e., d-semi-stable Del Pezzo surfaces), see Definition 0.3 below. In the article
[Fu], Fujita completely classified semi-stable degenerations of Del Pezzo surfaces as follows:
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250 Y. Kachi / Journal of Algebra 307 (2007) 249–253Theorem 0.1. (Fujita [Fu]) Let f :X → Δ be a proper surjective morphism from a smooth 3-fold
X to a disc Δ := {z ∈ C | |z| < 1} such that
(a) Each fiber of f over Δ − {0} is a smooth Del Pezzo surface,
(b) −KX is f -ample, and
(c) X := f −1(0) is a simple normal crossing divisor in X .
Let X =⋃i Xi be the irreducible decomposition, let Di := (∑j =i Xj )|Xi , and Li := ω∨X ⊗OXi .
Then
⋃
i (Xi,Di,Li ) falls into either one of the following:
(1) (Σ1,M ∪ l,OΣ1(M + 2l)) ∪ (Σ1,M ∪ l,OΣ1(M + 2l)) ∪ (Σ1,M ∪ l,OΣ1(M + 2l)),
(2) (P2, conic,OP2(1)) ∪ (Σ4,M,OΣ4(M + 6l)),
(3) (P2, line,OP2(2)) ∪ (Σ1,M,OΣ1(M + 3l)),
(4) (Σ1, (+1)-section,OΣ1(M + 2l)) ∪ (Σ1,M,OΣ1(M + 3l)),
(5) (P1 × P1, irreducible (1,1)-curve,OP1×P1(1,1)) ∪ (Σ2,M,OΣ2(M + 4l)), or
(6) (P1 × P1, (1,0)-curve,OP1×P1(1,2)) ∪ (P1 × P1, (1,0)-curve,OP1×P1(1,2)),
where Σm := P(OP1 ⊕OP1(m)) is the mth Hirzebruch surface, and M , l the minimal section
and a ruling, respectively.
General fibers are P2 for (1)–(3), Σ1 for (4), and P1 × P1 for (5)–(6), respectively.
In this article we characterize the simple normal crossing varieties in the above list (1)–(6)
in terms of the intrinsic properties shared by them, namely, the ampleness of the dual ω∨X of the
dualizing sheaf plus the so-called “d-semi-stability.”
Definition 0.2. (Friedman [Fr], cf. Kawamata–Namikawa [KN], F. Kato [Kat].) Let X be
an n-dimensional simple normal crossing variety, i.e., a reduced analytic space whose irre-
ducible components are all compact complex manifolds of dimension n, and for each P ∈ D :=
SingX, there is an analytic neighborhood V of P isomorphic to {(z0, . . . , zn) ∈ Cn+1 | |zi | < 1
(for all i), z0 · · · zr = 0} (for some r). Let X =⋃i Xi be the irreducible decomposition, and let
IXi , ID be the defining ideal of Xi , D in X, respectively. Then X is said to be d-semi-stable if
IX1/IX1ID ⊗ · · · ⊗ IXm/IXmID 	OD
holds. As Friedman shows (in [Fr, (1.13)]), any simple normal crossing variety which arises as
a semi-stable degeneration of a smooth variety with a smooth total space satisfies the d-semi-
stability condition.
Definition 0.3. Let X be a simple normal crossing variety of dimension 2. Let ωX denote
the dualizing sheaf of X. Such X is called a d-semi-stable Del Pezzo surface, if ω∨X :=
HomOX(ωX,OX) is an ample invertible sheaf on X, and moreover X is d-semi-stable.
Example 0.4. Let X = X1 ∪ X2 be a union of two planes in P3. Then ω∨X is ample. On the other
hand, D 	 P1 is a line, and IX1/IX1ID ⊗ IX2/IX2ID 	OP1(2) (see [Fr, (1.11)]), so X is not
d-semi-stable.
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Main Theorem. Let X be a d-semi-stable Del Pezzo surface. Then there exists a proper surjec-
tive morphism f :X → Δ from a smooth 3-fold X to a disc Δ such that −KX is f -ample, and
f −1(0) 	 X. In particular, X is one of the above list (1)–(6).
In proving the existence of a smoothing f we apply Kawamata–Namikawa’s sufficient con-
dition for unobstructedness of deformations in [KN] (cf. [R,Kaw]; see Theorem 1.4(2) below).
We give a surprisingly short proof of Main Theorem as compared to Friedman’s proof of the
corresponding statement for K3 surfaces. The proof will be given in Section 2 below. The basic
underlying idea of our proof is that the feasibility of smoothing a semi-stable normal crossing
variety ultimately boils down to a vanishing of a twisted global logarithmic Kähler differential
on each irreducible component of the given normal crossing variety.
1. Kawamata–Namikawa’s logarithmic deformations
The condition for a simple normal crossing variety to be d-semi-stable has a following char-
acterization.
Theorem 1.1. (Kawamata–Namikawa [KN, Proposition 1.1], cf. F. Kato [Kat].) Let X be a sim-
ple normal crossing variety of dimension n. Then the following (1) and (2) are equivalent:
(1) X is d-semi-stable.
(2) There exists a collection {Uλ} of analytic open sets of X which covers D = SingX, together
with a set of holomorphic functions z(λ)0 , . . . , z(λ)n on each Uλ such that
(a) Uλ is isomorphic to an open subset of {(z0, . . . , zn) ∈ Cn+1 | z0 · · · zr = 0},
(b) z(λ)i coincides with the coordinate function zi through this identification, and
(c) if Uλ ∩ Uμ = ∅, then there exist u(λμ)i ∈ H 0(Uλ ∩ Uμ,O×Uλ∩Uμ) and a permutation
σ ∈ Sn+1 such that
z
(λ)
σ (i) = u(λμ)i z(μ)i and u(λμ)0 · · ·u(λμ)n = 1 on Uλ ∩ Uμ.
We call the above U := {(Uλ, z(λ)0 , . . . , z(λ)n )} the logarithmic atlas of X.
Definition 1.2. (Kawamata–Namikawa [KN, §2]) Let X be a d-semi-stable simple normal cross-
ing variety. Let U0 be its logarithmic atlas. Let D := SingX and D1, . . . ,Dm the connected
components of D. Let A be an Artinian local C-algebra with the residue field A/mA 	 C, and
s1, . . . , sm ∈ mA. We regard A as a C[[t1, . . . , tm]]-algebra through the C-algebra homomorphism
C[[t1, . . . , tm]] → A, ti → si , and denote the data (A; s1, . . . , sm) by A. Then the logarithmic
deformation (X ,U) of (X,U0) over A is a flat deformation X → SpecA of X, together with a
collection of open sets U = {(Uλ; z(λ)0 , . . . , z(λ)n )} on X covering SingX, which satisfies
(a) the restriction {(Uλ ∩ X; z(λ)0 |Xz(λ)0 , . . . , z(λ)n |X)} is a logarithmic atlas on X,
(b) z(λ) · · · z(λ)n = si whenever Uλ ∩ Di = ∅, and0
252 Y. Kachi / Journal of Algebra 307 (2007) 249–253(c) if Uλ ∩Uμ = ∅, then there exist u(λμ)i ∈ H 0(Uλ ∩Uμ,O×Uλ∩Uμ) and a permutation σ ∈ Sn+1
such that
z
(λ)
σ (i) = u(λμ)i z(μ)i and u(λμ)0 · · ·u(λμ)n = 1 on Uλ ∩ Uμ.
Thus for a given d-semi-stable simple normal crossing variety X with its logarithmic atlas U ,
one can define the logarithmic deformation functor LD(X,U) : (ArtC[[t1,...,tm]]) → (Set), where m
is the number of connected components of SingX.
Theorem 1.3. [KN, Theorem 2.3] The functor LD(X,U0) has a hull in the sense of Schlessin-
ger [S].
Theorem 1.4. ([KN, Theorem 2.2, Corollary 2.4], cf. Friedman [Fr, §3].) Let X be a d-semi-
stable simple normal crossing variety of dimension n, with logarithmic atlas (X,U0). Let
a : X˜ =
∐
i
Xi → X
be the normalization. Let
D¯ :=
∐
i
(∑
j =i
Xj
)∣∣∣∣
Xi
⊂ X˜.
Let (X ,U) be a logarithmic deformation of (X,U0) over A with a structure morphism f :X →
SpecA. Then there exists an intrinsically defined locally free OX -module 1X /A(log) of rank n,
which, in the case A= C, is a sub-OX-module of a∗1
X˜
(log D¯), such that the following hold:
(1) Let TX /A(log) := HomOX (1X /A(log),OX ). Then for any extension of Artinian local
C[[t1, . . . , tm]]-algebras
0 −→ J −→A′ −→A−→ 0
with J 2 = 0, the obstruction of extending a logarithmic deformation (X ,U) of (X,U0) over
A to that over A′ lies in H 2(X , TX /A(log) ⊗J ).
(2) If
H 2
(
X,TX/C(log)
)= 0,
then X is smoothable under a flat deformation with a smooth total space, namely, there is a
proper surjective morphism f :X → Δ from a smooth 3-fold X such that f −1(0) 	 X.
2. Proof of the Main Theorem
Proof of the Main Theorem. (Cf. [N].) Let X be a d-semi-stable Del Pezzo surface. To prove
Main Theorem, it is sufficient to prove H 2(X,TX/C(log)) = 0, by Theorem 1.4 above. By Serre–
Grothendieck duality, this is equivalent to
H 0
(
X,1X/C(log) ⊗ ωX
)= 0.
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H 0
(
X˜,1
X˜
(log D¯) ⊗ a∗ωX
)= 0. (2.1)
For (2.1) to hold, it suffices to verify
H 0
(
Xi,
1
Xi
(logDi) ⊗L∨i
)= 0 (2.2)
for each (Xi,Di,Li ). Since Li 	 ω∨X ⊗OXi are ample on Xi , we obtain (2.2), as a consequence
of Esnault–Viehweg vanishing theorem (in [EV]). 
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